多変数のSIEGEL MODULAR FORMのLIFTINGの構成について (代数的整数論とその周辺) by 池田, 保
Title多変数のSIEGEL MODULAR FORMのLIFTINGの構成について (代数的整数論とその周辺)
Author(s)池田, 保




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
SIEGEL MODULAR FORM LIFTING
( )
\S Introduction
$f( \tau)=\sum a(N)N>0qN\in S_{2k}(\mathrm{s}\mathrm{L}_{2}(\mathbb{Z}))$ , $a(1)=1$
weight $2k$ cusp form Hecke $L(s, f)= \sum_{N}a(N)N-s$
$f(\tau)$ $L$
weight $2k$ $\epsilon=(-1)^{k}$ $N\in \mathbb{Q}_{+}^{\cross}$ $\mathbb{Q}(\sqrt{\epsilon N})/\mathbb{Q}$
$V_{N}$ $\mathrm{f}N=\sqrt{N\mathfrak{d}_{N}^{-1}}$ $\mathbb{Q}(\sqrt{\epsilon N})/\mathbb{Q}$
Dirichlet $\chi_{N}$ $N$ $\epsilon N\equiv 0,1$ mod 4 $\#\mathrm{f}^{\backslash }\int_{N}$
$B$ $D_{B}=\det(2B),$ $VB=V_{D_{B}},$ $\mathrm{f}B=.\mathrm{f}DB’ x_{B}=xDB$
1
$f(\tau)$ Satake parameter $\{\alpha_{p}, \alpha_{p}^{-1}\}$ $\alpha_{P}$
$(1. -p \frac{1}{2}\alpha_{p}X-)k(1-pk-\frac{1}{2}\alpha^{-}x1)p=1-a(p)x+p^{2k-1}X^{2}$
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$b_{p}(B, S)=R \in s_{2n}(\mathbb{Q}p)\sum_{(/s2\eta.\mathrm{z})p)}\psi(\mathrm{t}\mathrm{r}(BR))p-\mathrm{o}\mathrm{r}\mathrm{d}(\mathrm{p}\mu(R))s$
Siegel series $S_{2n}(\mathbb{Q}p),$ $S2n(\mathbb{Z})p$ $\mathbb{Q}_{p},$ $\mathbb{Z}_{P}$
$\mu(R)$ $\circ(C, D)$ symmetric coprime pair $D^{-1}C=$
$R$ $\mu(R)=\det D$ $X$ $\gamma_{p}(B;^{x})$
$\gamma_{p}(B;x)=(1-X)(1-p^{n}\zeta(B)x)^{-}1\prod_{1i=}^{n}(1-p^{2i}X^{2})$







$E_{2n,l}(z, S)= \det{\rm Im}(z)^{S-}\frac{\iota}{2}\sum_{D\{C,\}}\det(CZ+D)^{-\iota}|\det(cZ+D)|-2s+l$
$E_{2n,\mathrm{t}}(Z, S)$ Fourier
$E_{2n,\mathrm{t}}(X+ \sqrt{-1}\mathrm{Y}, s)=\sum_{n2}C_{2}l(n,B;\mathrm{Y}_{S+},l)\mathrm{e}(\frac{1}{2}BX)B\in s’.(\mathbb{Z})$
$S_{2n}’(\mathbb{Z})$ $i$ half-integral symmetric matrix $B$
$C_{2n,\iota(B;}\mathrm{Y}_{S)(B\mathrm{Y},S)\prod F_{p}(B;},=\mathrm{r}_{2}n,l;p|DBp^{-})2s$
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$\Gamma_{2n,l}(B;Y, S)=(\det Y)^{s-}\frac{l}{2}\frac{--(-Y,B\cdot s+\frac{l}{2},S-\frac{l}{2})}{\zeta(2s)\prod i=1\zeta n(4s-2i)},\cdot L(xB;2S-n)$




$l$ $s=2$ Eisenstein series Fourier
$B$












$l=k+n$ $k\equiv n$ mod 2
$L( \chi_{B)}. 1-k)\mathrm{f}_{B}^{k\frac{1}{2}}-p|\prod\tilde{F}(B;p)D_{B}pk-\frac{1}{2}$
\S Cohen Eisenstein series
Cohen $H(k, N)$
$H(k, N)=$ $NNN>\not\equiv=0,N\equiv 0,10,1\mathrm{m}0,\mathrm{o}\mathrm{d}4$ , mod 4.
Cohen $\sigma$) Eisenstein series $\mathcal{H}_{k+\frac{1}{2}}(\tau)k$
$\mathcal{H}_{k+\frac{1}{2}}(\mathcal{T})=\sum_{N=0}^{\infty}H(k, N)q^{N}$
weight $k+ \frac{1}{2}$ modular form Kohnen plus space $M_{k+\frac{1}{2}}^{+}(\Gamma_{0(4))}$
$\mathcal{H}_{k+\frac{1}{2}}(\tau)$ $-$ Eisenstein $E_{2k}(\tau)$
$L(\chi_{B}, 1-k)$ $\mathcal{H}_{k+\frac{1}{2}}(\tau)$ $0_{B}$ Fourier
\S 1
$k,$ $n$ $k\equiv n$ mod 2 $\epsilon=(-1)^{k}$ $N\in \mathbb{Q}_{+}^{\cross}$
$\mathbb{Q}(\sqrt{\epsilon N})/\mathbb{Q}$ $0_{N}$ $\mathrm{f}N=\sqrt{N\mathfrak{d}_{N}^{-1}}i$
$\mathbb{Q}(\sqrt{\epsilon N})/\mathbb{Q}$ Dirichlet $\chi_{N}$ $B$ rank $2n$
$(-1)^{n}\det(2B)\equiv 0,1$ mod 4 $D_{B}=\det(2B)$ ,
$0_{B}=0_{D_{B}},$ $\mathrm{f}B=\mathrm{f}D_{B},$ $x_{B}=xDB$ $\circ$




$s_{k+n}(\mathrm{s}_{\mathrm{p}}n(\mathbb{Z}))$ degree $2n$ , weight $k+n$ Siegel cusp form Hecke
$T$ $\mathrm{e}(T):=\exp(2\pi\sqrt{-1}\mathrm{t}\mathrm{r}(\tau))$ $F(Z)$
$\sigma)$ standard $L$-function $l3$;




$f(\tau)\in S_{2k}(\mathrm{S}\mathrm{L}_{2}(\mathbb{Z}))$ normalized cuspidal Hecke eigenform $\circ r,$ $n$
$n+r\equiv k$ mod 2 1 $f(\tau)$ $S_{k+n+r}(\mathrm{S}_{\mathrm{P}n+}22r(\mathbb{Z}))$ lift
$F(Z)$ $g(Z)\in S_{k+n+r}(\mathrm{S}\mathrm{p}r(\mathbb{Z}))$ Hecke
$\mathcal{F}_{fg},(Z)=\int_{\mathrm{S}\mathrm{p}_{r}(\mathbb{Z})\backslash \mathfrak{y}r}F()\overline{g(Z’)}(\det{\rm Im} z’)k+n-1dz’$, $Z\in \mathfrak{h}_{2n+r}$
$\mathcal{F}_{f,g}\in S_{k+n+r}(\mathrm{S}\mathrm{p}2_{\ovalbox{\tt\small REJECT}+}r(\mathbb{Z}))$
$\circ$
2: $\mathcal{F}_{f,g}(Z)$ $0$ $\mathcal{F}_{f,g}(Z)$ Hecke
$L(s, \mathcal{F}_{f,g})=L(s, g)i\prod_{=1}^{n}L(S+k+2n-i, f)$
$L(s, F_{fg},),$ $L(s, g)$ $\mathcal{F}_{f,g}(z),$ $g(z)$ standard $L$
: $G_{1}=\mathrm{S}\mathrm{p}_{r},$ $G_{2}=\mathrm{S}_{\mathrm{P}_{2n}r}+’ H=\mathrm{S}\mathrm{p}_{2n+2r}$ $H$ Siegel parabolic subgroup
$P_{H}$ $G_{1}\cross G_{2}$
$\cross\vdasharrow$









$B_{G_{1^{\cross G_{2}}}}(\mathrm{I}\mathrm{n}\mathrm{d}_{P_{H}}^{H}(\chi\circ\det)|_{G_{1}}\cross G_{2}, \pi 1\otimes\pi_{2})\neq(0)$
$\rho_{1},$ $\rho_{2}$
$G_{1}\cross G_{2}$ $B_{G_{1}\cross G_{2}}(\rho_{1}, \rho_{2})$ $\rho_{1}\cross\rho_{2}$ $G_{1}\cross G_{2}$




block $i,$ $r-i,$ $i,$ $2n+r-i,$ $i,$ $r-i,$ $i,$ $2n+r-i$
$Q_{i}=(\eta_{i}^{-1}P_{H}\eta_{i})\cap(G_{1}\mathrm{x}G_{2})$
$\{$ ( $\alpha_{0}*\gamma$ $A000$ $0^{*}\delta\beta D^{*}**$ ) $\cross($ $-\gamma\alpha_{0}*A000$, $-\beta 0\delta^{*}D^{*}**,$ $)$ $\in \mathrm{S}\mathrm{p}_{i}$ ,$A’=A=,{}^{t}D^{-}1\in \mathrm{G}\mathrm{L}_{r-i}{}^{t}D^{-}\in 1\mathrm{G}\mathrm{L}_{2+r}n’-i,$ $\}$
Parabolic subgroup $P_{i}^{(1)}\subset G_{1},$ $P_{i}^{(2)}\subset G_{2}$
$P_{i}^{(1)}=\{|\in \mathrm{S}_{\mathrm{P}_{i}},$ $A=t_{D}-1\in \mathrm{G}\mathrm{L}_{r-i},$ $\}$
$P_{i}^{(2)}=\{$ ( $\alpha_{0}*\gamma A000$ , $0^{*}\delta\beta D^{*}**,$ ) $|\in \mathrm{S}\mathrm{p}_{i},$ $A’=t_{D^{\prime-1}}\in \mathrm{G}\mathrm{L}_{2n+}r-i,$ $\}$
$X_{i}(i=0, \ldots, r+1)$ $\mathrm{I}\mathrm{n}\mathrm{d}_{P_{H}}^{H}(\chi\circ\det)$ support
$\bigcup_{j=i}^{r}P_{H}\eta i(c1\mathrm{x}G_{2})$
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$X_{r+1}=$ (0) $X_{0}$ ,
. . . , $X_{r}$ $G_{1}\cross G_{2}$
$\mathrm{I}\mathrm{n}\mathrm{d}_{P_{H}}H(\chi\circ\det)=X_{0}\supset X_{1}\cdots\supset X_{r}\supset X_{r+1}=(0)$ ,
$X_{i}/X_{i+}1 \simeq \mathrm{I}\mathrm{n}\mathrm{d}_{Q_{i^{\cross}}}^{G_{1}G_{2}}(\chi\circ \mathrm{d}\mathrm{e}\mathrm{t}\cdot\delta^{\frac{1}{P2}})^{\eta i}H\delta_{Qi}^{-}\frac{1}{2}$
$(\chi\circ \mathrm{d}\mathrm{e}\mathrm{t}\cdot\delta^{\frac{1}{p2}}H)^{\eta_{i}}(q)=(\chi\circ \mathrm{d}\mathrm{e}\mathrm{t}\cdot\delta^{\frac{1}{p2}}H)(\eta_{i}q\eta i)$
$\delta_{P_{H}},$ $\delta_{Q_{i}}$
$P_{H},$ $Q_{i}$ modulus character Jacquet module $r_{P_{i}^{(}}^{G_{1}}\pi_{1}1$) ’ $r_{P_{\dot{\tau}}^{(2)}}^{G_{2}}.\pi_{2}$
$\mathrm{S}\mathrm{p}_{i^{\cross}-i}\mathrm{G}\mathrm{L}_{r},$ $\mathrm{S}\mathrm{P}i^{\cross}\mathrm{G}\mathrm{L}_{2}+nr-i$ $i(0\leq i\leq r)$
Jacquet module $r_{P_{j}^{(1)}}^{G_{1}}.\pi_{1},$ $r_{P_{?}^{(2)}}^{G_{2}}..\pi_{2}$
$\rho^{(1)_{\ovalbox{\tt\small REJECT}}}(\chi^{-1}\cdot\det)|\det|^{-n-\frac{r-i}{2}}$
$\rho^{(2)}\mathbb{R}(\chi^{-1}\circ\det)|\det|^{-\frac{r-i}{2}}$ ,
subquotient $\rho^{(1)}\simeq\rho^{(2)}$ $\pi_{1}$ Sa-
take parameter $\{\beta_{1}^{\pm 1}, \ldots, \beta_{r}^{\pm 1}\}$ $r_{P_{i}^{(1)}}^{G_{1}}\pi_{1}$ $\rho^{(1)}\ovalbox{\tt\small REJECT}(\chi^{-1}\circ\det)|\det|^{-n}$ -
$\{\beta_{1}^{\pm 1}, \ldots, \beta_{r}^{\pm 1}\}$ $\alpha_{pP}^{-1-}n-\frac{1}{2}$ , . . . , $\alpha_{pP^{-}}^{-1i+\frac{1}{2}}\ovalbox{\tt\small REJECT}-r+$
$\beta i+1$ , . . . , $\beta_{r}$ $\pi_{2}$ Satake parameter






$\pi_{2}$ Satake parameter $\{\beta_{1}^{\pm 1}, \ldots, \beta_{r}^{\pm 1}, \alpha_{p}^{\pm 1}p^{\frac{n-1}{2}}, \ldots, \alpha_{p}^{\pm 1}p^{-}\frac{n-1}{2}\}$
$\mathcal{F}_{fg},(Z)$ $G_{2}(\mathrm{A})$ $P$ isotypic
class 1vector $\mathcal{F}_{f,g}$
$\mathcal{F}_{fg}$, Hecke standard $L$
$L(s, \mathcal{F}_{f},)\mathit{9}=L(s, g)\prod_{i=1}L(S+k+n-i, f)$
2 $\tau_{f,g}$ $0$ $2k=20,$ $n=r=1$
$f( \tau)=\sum_{N=1}^{\infty}b(N)q^{N}\in S_{20}(\mathrm{S}\mathrm{L}_{2}(\mathbb{Z}))$ weight 20 normalized Hecke eigenform
Fourier $b(N)$







weight 21/2 modular form $\delta_{21}(\tau)$
$\delta_{21}(\tau)=\frac{1}{16\pi\sqrt{-1}}(4E_{8}(4_{\mathcal{T}})\theta’(\tau)-E’8(4_{\mathcal{T}})\theta(\mathcal{T}))=\sum_{=n1}c(n)\infty qn$ ,
$E_{8}( \tau)=1+480n=1\sum\sigma\infty 7(n)qn$ , $\theta(\tau)=\sum_{n=-\infty}^{\infty}q^{n^{2}}$
$\delta_{21}(\tau)$ $f(\tau)$ Kohnen plus subspace $S_{21/2}^{+}$ (Fo (4))
fundamental discriminant $D$ $c(D)$
$D$ $c(D)$ $D$ $c(D)$
$1$ 1 17 526320
5 $-360$ 21 -710640
8-13680 24 2475360
12-177120 28 8830080
13 266760 29 $-5835240$
Miyawaki [13] $\iota_{\sim}\rfloor:n\iota 3:\backslash \backslash \dim s_{12}(\mathrm{S}_{\mathrm{P}_{3}}(\mathbb{Z}))=1$ $\text{ }$ $F^{(3)}(Z)\in S_{12}(\mathrm{s}\mathrm{p}_{3}(\mathbb{Z}))$
$\frac{1}{2}$
Fourier $0$ Fourier 1 $F^{(3)}(Z)$
$F(Z)$ 1 $f(\tau)$ $S_{12}(\mathrm{S}_{\mathrm{P}}4(\mathbb{Z}))$ lift
$B$
$2B=$ , $\lambda=(\lambda_{1}, \lambda_{2}, \lambda_{3})\in \mathbb{Z}^{3}$
$F(Z)$ $B$ Fourier $A(B)$ $D_{B}=\det(2B)$
4, 5, 8 3 $\lambda$ 6, 8, 1




$\det B=5$ $\lambda=\pm(1, \mathrm{o}, 0),$ $\pm(1, -1, \mathrm{o}),$ $\pm(0,0,1),$ $\pm(0,1, -1)$
$A(B)=c(5)=360$
$\det B=8$ $\lambda=(0,0, \mathrm{o})$ $A(B)=c(8)=$ -13680
$\dim s_{12}(\mathrm{S}\mathrm{p}_{1}(\mathbb{Z}))=\dim s_{12}(\mathrm{s}\mathrm{p}_{3}(\mathbb{Z}))=1$ $F(Z)$ $\mathfrak{h}_{1}\cross \mathfrak{h}_{3}$ $\triangle(\tau)\cross$
$F^{(3)}(Z)$
$-1080\cross 6+360$ $\cross 8-13680=$ -17280
$g(\tau)=\triangle(\tau)$
$\mathcal{F}_{f,g}(Z)=-17280\langle\triangle, \triangle\rangle F^{(3)}(Z)\in S_{12}(\mathrm{s}\mathrm{p}_{3}(\mathbb{Z}))$
$0$ 2
$L(s, F^{(3)})=L(s+10, f)L(s+9, f)L(s, \triangle, \mathrm{s}\mathrm{t})$
( $\beta_{p}^{\pm 1}$ $\Delta(\tau)$ Satake parameter
$L(s, \triangle, \mathrm{S}\mathrm{t})=\prod_{p}[(1-\beta_{p}^{2}p^{-S})(1-p-s)(1-\beta^{-}pp^{-s})2]^{-}1$
) Miyawaki [13] –
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